Anisotropic ultracompact Schwarzschild star by gravitational decoupling by Ovalle, J. et al.
Anisotropic ultracompact Schwarzschild star
by gravitational decoupling
J. Ovalle1,2, C. Posada1 and Z. Stuchl´ık1
1 Institute of Physics and Research Centre of Theoretical Physics and Astrophysics
Faculty of Philosophy and Science
Silesian University in Opava
Bezrucˇovo na´m. 13, CZ-74601 Opava, Czech Republic
2 Departamento de F´ısica, Universidad Simo´n Bol´ıvar
AP 89000, Caracas 1080A, Venezuela
May 30, 2019
Abstract
We employ the minimal geometric deformation approach to gravitational decoupling (MGD-
decoupling) in order to generate an exact anisotropic and non-uniform version of the ultra-
compact Schwarzschild star, or gravastar’, proposed by Mazur and Mottola. This new system
represents an ultracompact configuration of radius RS = 2M whose interior metric can be
matched smoothly to a conformally deformed Schwarzschild exterior. Remarkably, the model
satisfies some of the basic requirements to describe a stable stellar model, such as a positive
density everywhere and decreasing monotonously from the centre, as well as a non-uniform
and monotonic pressure.
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1 Introduction
Black holes are one of the most active areas of gravitational physics, mainly due to the fact that
they constitute ideal laboratories to test general relativity in the strong field regime. However, con-
fronting theoretical predictions with observations is an arduous and complicated task. A formidable
step in this direction is the recent direct observation of black holes shadows [1, 2], as well as the
observation of black holes through the detection of gravitational waves [3, 4, 5], which opens a new
and promising era for gravitational physics.
Despite the strong evidence in favour of their existence, black holes still present some paradoxes
which have not been solved satisfactorily [6]. This has motivated some authors to propose some
alternatives, or black-hole mimickers’ (see [7] for a recent review), which can be compact enough
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to generate a shadow as the one recently observed [1, 2]. One of these mimickers is the gravastar
model of Mazur and Mottola [8, 9]. In the original gravastar scenario, a collapsing star suffers
a phase transition at, or close to, where the horizon would have been formed. As a result, the
interior region is replaced by a patch of de Sitter spacetime with negative pressure p = −ρ. This
interior region is matched to the exterior Schwarzschild spacetime, through a shell of stiff matter
p = ρ. The gravastar provides a final state for gravitational collapse, with no central singularity
nor an event horizon, therefore avoiding the issues that these notions entail in classical black holes.
Despite the fact that the gravastar has been widely studied in the literature (see e.g. [10, 11, 12,
13, 14, 15, 16, 17, 18, 19, 20, 21, 22] and references therein), its mechanism of formation remains
as the biggest challenge for this model. Mazur and Mottola [23] unveiled a connection between
the gravastar and the interior Schwarzschild solution [24] or ‘Schwarzschild star’, characterised by
a constant energy density and isotropic pressure. Although the Schwarzschild star is an ideal case
which might not be fully attained in a realistic physical scenario (see however [25]), nevertheless it
provides a simple analytical solution to Einstein’s equations which allows further analysis [26, 27,
28].
Mazur and Mottola [23] investigated the Schwarzschild star in the ultracompact regime beyond
the Buchdahl limit R = (9/4)M [29], and showed that the limiting configuration, when the radius
of the star approaches the Schwarzschild radius R → RS , becomes one with a regular interior
of constant negative pressure p = −ρ determined by a patch of modified de Sitter spacetime.
This sphere of dark energy’ is bounded by a boundary layer of anisotropic stresses, located at
the Schwarzschild radius, endowed with certain surface tension. By Birkhoff’s theorem, the exte-
rior remains the exterior Schwarzschild spacetime. The ultracompact Schwarzschild star has zero
entropy and temperature, so mirroring the main characteristics of the gravastar proposed in [8, 9].
The ultracompact Schwarzschild star was extended to slow rotation in [30]. A result of par-
ticular interest is that the moment of inertia and mass quadrupole moment, or I-Q relations, are
in agreement with the corresponding Kerr values [31]. More recently in [32] it was shown that
the Schwarzschild star is stable against radial perturbations. As an extension of these results,
Konoplya et. al. [33] showed that the ultracompact Schwarzschild star is stable against non-radial
(axial) gravitational perturbations. Moreover they showed that the l > 1 perturbations are indis-
tinguishable from those of Schwarzschild black holes. The results above asserts the viability of the
ultracompact Schwarschild star as a legitimate black hole mimicker. Gravitational perturbations
of more general polytropic spheres were studied in [34].
Inspired in the results above, it is relevant to extend the Schwarzschild star to a more general
scenario, while preserving its fundamental properties. However, extending a known solution to
a more complex situation can be an overwhelming task, given the complexity of Einstein’s field
equations [35]. Fortunately, the so-called method of gravitational decoupling by Minimal Geometric
Deformation (MGD-decoupling, henceforth) [36, 37], which has been widely used recently [38, 39,
40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52], has proved to be a powerful method to extend
known solutions into more complex frameworks.
The original version of the MGD approach was developed in Refs. [53, 54] in the context of
extra-dimensional gravity [55, 56], and it was eventually extended to study black hole solutions
in Refs. [57, 58] (for some earlier works on the MGD, see for instance Refs. [59, 60, 61, 62], and
Refs. [63, 64, 65, 66, 67, 68, 69, 70, 71, 72] for some recent applications). The MGD-decoupling
has three main characteristics that make it particularly useful in the search for new solutions of
Einstein’s field equations, namely:
• We can extend any solution of the Einstein equations into more complex domains. For
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instance, we can start from a source with energy-momentum tensor Tˆµν for which the metric
is known and add the energy-momentum tensor of a second source,
Tˆµν → Tµν = Tˆµν + T (1)µν . (1.1)
We can then repeat the process with more sources T
(i)
µν to extend the solution of the Einstein
equations associated with the gravitational source Tˆµν into the domain of more intricate
forms of gravitational sources Tµν ;
• We can reverse the previous procedure in order to find a solution to Einstein’s equations with
a complex energy-momentum tensor Tµν by separating it into simpler components,
Tµν → Tˆµν + T (i)µν , (1.2)
and solve Einstein’s equations for each one of these components. Hence, we will have as
many solutions as the components in the original energy-momentum tensor Tµν . Finally,
by a simple combination of all these solutions, we will obtain the solution to the Einstein
equations associated with the original energy-momentum tensor Tµν .
• We can apply it to theories beyond general relativity. For instance, given the modified
action [37]
SG = SEH + SX =
∫ [
R
2 k2
+ LM + LX
]√−g d4 x , (1.3)
where LM contains all matter fields in the theory and LX is the Lagrangian density of a new
gravitational sector with an associated energy-momentum tensor
θµν =
2√−g
δ(
√−gLX)
δgµν
= 2
δLX
δgµν
− gµν LX , (1.4)
we can use (1.1) to extend all the known solutions of the Einstein-Hilbert action SEH into
the domain of modified gravity represented by SG. This represents a straightforward way to
study the consequences of extended gravity on general relativity.
In this paper we will apply the procedure describe in (1.1) to extend the Mazur-Mottola model
in order to build a new ultracompact interior configuration with non-uniform matter density and
anisotropic pressure.
The paper is organised as follows: in Section 2 we present Einstein’s equations for a spherically
symmetric stellar configuration and we discuss how to decouple two spherically symmetric and
static gravitational sources {Tµν , θµν}, as well as the matching conditions at the stellar surface
under the MGD-decoupling. In Section 3 we review the constant-density interior Schwarzschild
solution, or Schwarzschild star, and the negative pressure regime. In Section 4, we implement the
MGD-decoupling following the scheme (1.1) to generate the extended version of the Mazur-Mottola
model. Finally, in Section 5 we summarise our conclusions.
2 Gravitational decoupling of two sources by MGD
Let us start from the standard Einstein field equations 1
Rµν − 1
2
Rgµν = k
2 T (tot)µν , (2.1)
1We use the metric signature (+−−−) and the constant k2 = 8piGN.
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where the energy-momentum tensor T
(tot)
µν is given by
T (tot)µν = Tµν + θµν , (2.2)
where Tµν and θµν represent two generic gravitational sources. Let us recall that the Einstein
tensor is divergenceless and therefore the total energy momentum tensor T
(tot)
µν must satisfy the
conservation equation
∇ν T (tot)µν = 0 . (2.3)
In Schwarzschild-like coordinates, the spherically symmetric metric reads
ds2 = eν(r) dt2 − eλ(r) dr2 − r2 (dθ2 + sin2 θ dφ2) , (2.4)
where ν = ν(r) and λ = λ(r) are functions of the areal radius r only, ranging from the center r = 0
up to the stellar surface r = R > 0. Explicitly, the field equations read
k2
(
T 00 + θ
0
0
)
=
1
r2
− e−λ
(
1
r2
− λ
′
r
)
, (2.5)
k2
(
T 11 + θ
1
1
)
=
1
r2
− e−λ
(
1
r2
+
ν′
r
)
, (2.6)
k2
(
T 22 + θ
2
2
)
=
1
4
e−λ
[
−2 ν′′ − ν′2 + λ′ ν′ − 2 ν
′ − λ′
r
]
, (2.7)
while the conservation equation, which is a linear combination of (2.5)-(2.7), yields
(
T 11
)′ − ν′
2
(
T 00 − T 11
)− 2
r
(
T 22 − T 11
)
+
(
θ 11
)′ − ν′
2
(
θ 00 − θ 11
)− 2
r
(
θ 22 − θ 11
)
= 0 . (2.8)
where f ′ ≡ ∂rf . By simple inspection of (2.5)-(2.7), we can identify an effective density
ρ˜ = T 00 + θ
0
0 , (2.9)
an effective isotropic pressure
p˜r = −T 11 − θ 11 , (2.10)
and an effective tangential pressure
p˜t = −T 22 − θ 22 . (2.11)
The expressions above clearly illustrate the appearance of an anisotropy inside the stellar distri-
bution, given by
Π ≡ p˜t − p˜r. (2.12)
Equations (2.5)-(2.7) contain five unknown functions, namely, two metric functions {ν(r), λ(r)}
and three physical variables: the density ρ˜(r), the radial pressure p˜r(r) and the tangential pressure
4
p˜t(r). Thus these equations form an indefinite system [73, 74] which requires additional information
to produce any specific solution.
In order to solve the Einstein equations (2.5)-(2.8) we implement the MGD-decoupling. In this
approach, one starts from a solution to (2.1) for the source Tµν [that is (2.5)-(2.8) with θµν = 0]
such that the metric reads
ds2 = eξ(r) dt2 − eµ(r) dr2 − r2 (dθ2 + sin2 θ dφ2) , (2.13)
where
e−µ(r) ≡ 1− k
2
r
∫ r
0
x2 ρ dx = 1− 2m(r)
r
, (2.14)
is the standard General Relativity expression containing the Misner-Sharp mass functionm = m(r).
Next, we turn on the second source θµν to see its effects on the first source Tµν . These effects are
encoded in the geometric deformation undergone by the geometry (2.13), namely
ξ 7→ ν = ξ + α g , (2.15)
e−µ 7→ e−λ = e−µ + α f , (2.16)
where g and f are, respectively, the deformations undergone by the temporal and radial metric
component of the geometry {ξ, µ}. Among all possible deformations {g, f}, the simplest one is the
so-called minimal geometric deformation given by {g = 0, f = f∗}, and therefore only the radial
metric component changes to
e−µ(r) 7→ e−λ(r) = e−µ(r) + α f∗(r) . (2.17)
The system (2.5)-(2.8) can be decoupled by plugging the deformation (2.17) into the Einstein
equations (2.5)-(2.7). The system is thus separated into two sets of equations: (i) one having the
standard Einstein field equations for the energy-momentum tensor Tµν , whose metric is given by
(2.13) with ξ(r) = ν(r),
k2 T 00 =
1
r2
− e−µ
(
1
r2
− µ
′
r
)
, (2.18)
k2 T 11 =
1
r2
− e−µ
(
1
r2
+
ν′
r
)
, (2.19)
k2 T 22 =
1
4
e−µ
[
−2 ν′′ − ν′2 + µ′ ν′ − 2 ν
′ − µ′
r
]
, (2.20)
along with the conservation equation (2.3) with θµν = 0, namely ∇ν Tµν = 0, yielding(
T 11
)′ − ν′
2
(
T 00 − T 11
)− 2
r
(
T 22 − T 11
)
= 0 , (2.21)
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which is a linear combination of (2.18)-(2.20); and (ii) one for the source thetaµν , which reads
k2 θ 00 = −
α f∗
r2
− α f
∗′
r
, (2.22)
k2 θ 11 = −α f∗
(
1
r2
+
ν′
r
)
, (2.23)
k2 θ 22 = −
α f∗
4
(
2ν′′ + ν′2 +
2 ν′
r
)
− α f
∗′
4
(
ν′ +
2
r
)
. (2.24)
Its conservation equation ∇ν θµν = 0 explicitly reads
(θ 11 )
′ − ν
′
2
(θ 00 − θ 11 )−
2
r
(θ 22 − θ 11 ) = 0 , (2.25)
which is a linear combination of (2.22)-(2.24). We recall that, under these conditions, there is no
exchange of energy-momentum between the perfect fluid and the source θµν and therefore their
interaction is purely gravitational.
2.1 Deformed vacuum and matching conditions at the surface
Let us recall the matching conditions at the stellar surface r = R between the interior geometry
(0 ≤ r ≤ R) of a self-gravitating system and the exterior (r > R) spacetime. The interior is
described by the generic metric (2.4), which in terms of the MGD transformation (2.17) reads
ds2 = eν
−(r) dt2 −
[
1− 2 m˜(r)
r
]−1
dr2 − r2 (dθ2 + sin 2θdφ2) , (2.26)
where the interior mass function is given by
m˜(r) = m(r)− r
2
α f∗(r) , (2.27)
with the Misner-Sharp mass m given by (2.14) and f∗ the geometric deformation in (2.17). On
the other hand, the exterior spacetime will be described by the deformed Schwarzschild metric
ds2 =
(
1− 2M
r
)
dt2 −
(
1− 2M
r
+ β g∗(r)
)−1
dr2 − dΩ2 , (2.28)
which determines the Schwarzschild vacuum T+µν = 0 filled by a generic energy-momentum tensor
θ+µν 6= 0. We remark that this exterior could be filled by fields contained in the source θ+µν . The
function g∗(r) in the metric (2.28) is precisely the geometric deformation for the outer Schwarzschild
solution due to θ+µν . Notice that the interior and exterior deformations are different, likewise as
their respective parameters α and β.
After decoupling the Schwarzschild vacuum T+µν = 0 and θ
+
µν 6= 0, the set of equations (2.22)-
(2.24) for the exterior r > R reads
k2 (θ 00 )
+ = −β g
∗
r2
− β g
∗′
r
, (2.29)
k2 (θ 11 )
+ = − β g
∗
r (r − 2M) , (2.30)
k2 (θ 22 )
+ =
M (r −M)
r2 (r − 2M)2 β g
∗ − (r −M)
2 r (r − 2M)β g
∗′ , (2.31)
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together with their respective conservation equations, which are a linear combination of (2.29)-
(2.31).
The metrics in (2.26) and (2.28) must satisfy the Israel-Darmois matching conditions [75] at
the surface Σ defined by r = R, namely, the continuity of the first and second fundamental form.
Continuity of the first fundamental form reads[
ds2
]
Σ
= 0 , (2.32)
where [F ]Σ ≡ F (r → R+)− F (r → R−) ≡ F+R − F−R , for any function F = F (r), which yields
eν
−(R) = 1− 2M
R
, (2.33)
and
1− 2M
R
+ α f∗R = 1−
2M
R
+ β g∗R , (2.34)
where M = m(R), with f∗R and g
∗
R being the interior and exterior minimal geometric deformation
evaluated at the star surface, respectively. Likewise, continuity of the second fundamental form
reads
[Gµν r
ν ]Σ = 0 , (2.35)
where rµ is a unit radial vector. Using (2.35) and the general Einstein equations (2.1), we then
find [
T (tot)µν r
ν
]
Σ
= 0 , (2.36)
which leads to [
T 11 + θ
1
1
]
Σ
= 0 . (2.37)
This matching condition takes the final form
(T 11 )
−
R + (θ
1
1 )
−
R = (θ
1
1 )
+
R . (2.38)
The condition in Eq. (2.38) is the general expression for the second fundamental form associated
with the Einstein equations (2.1) and the Schwarzschild vacuum filled by a generic source θ+µν ,
namely, {T+µν = 0, θ+µν 6= 0}.
By using Eqs. (2.23) and (2.30) in the condition (2.38), the second fundamental form can be
written as
−k2 (T 11 )−R + α f∗R
(
1
R2
+
ν′R
R
)
=
β g∗R
r (r − 2M) , (2.39)
where ν′R ≡ ∂rν−|r=R. In terms of the effective pressure (2.10), we can express the condition (2.39)
as
p˜−R = p˜
+
R , (2.40)
7
which establishes the continuity of the effective radial pressure at the stellar surface. The expres-
sions in (2.33), (2.34) and (2.39) are the necessary and sufficient conditions for the matching of the
interior MGD metric (2.26) to a spherically symmetric outer vacuum’ described by the deformed
Schwarzschild metric (2.28).
Finally, we remark an important result regarding the matching condition (2.39): if the outer
geometry is given by the Schwarzschild metric, namely, g∗(r) = 0 in (2.28), then the condition
(2.39) reads
p˜−R = pR + α
f∗R
k2
(
1
R2
+
ν′R
R
)
= 0 . (2.41)
Therefore the star will be in equilibrium in a vacuum only if the effective radial pressure at the
surface vanishes. In particular, if the inner geometric deformation f∗(r < R) is positive and
weakens the gravitational field [see (2.27)], an outer Schwarzschild can be only compatible with
a non-vanishing inner θµν if the isotropic stellar matter has pR < 0 at the surface of the star.
This could be interpreted as regular matter with a solid crust [63]. If we want to avoid having a
solid-crust and keep the standard condition pR = 0, we must impose that the anisostropic effects
on the radial pressure vanish at r = R. This can be achieved if we assume that (θ 11 )
−
R ∼ pR in
(2.38), which leads to a vanishing inner deformation f∗R = 0.
3 Gravastar’ as the ultracompact Schwarzschild star
In this section we briefly discuss the Schwarzschild interior solution, or Schwarzschild star, corre-
sponding to a uniform-density spherical star, and the natural emergence of the interior region with
negative pressure (see [23, 30] for a more detailed discussion). We start by considering a spherically
symmetric spacetime given by
ds2 = +eν(r)dt2 − eλ(r)dr2 − r2(dθ2 + sin2 θdφ2). (3.42)
The interior Schwarzschild solution can be written in the following form [25]
eν(r) =

1
4
(
3
√
1−H2R2 −
√
1−H2r2
)2
, r < R, (3.43)(
1− 2M
r
)
, r > R, (3.44)
and
e−λ(r) =

1−H2r2, r < R, (3.45)(
1− 2M
r
)
, r > R, (3.46)
where M is the mass and R is the radius of the star. Here we have defined
8
H2 ≡ 8piρ0
3
=
RS
R3
=
2M
R3
, (3.47)
where ρ0 is the energy density, which is constant, and RS is the Schwarzschild radius. The pressure
is determined by
p(r) = ρ0
( √
1−H2r2 −√1−H2R2
3
√
1−H2R2 −√1−H2r2
)
. (3.48)
The Buchdahl condition R/M > 9/4, guarantees that the pressure is positive and finite everywhere
inside the star [29]. However, it can be observed that the pressure (3.48) is regular, except at some
radius R0 given by
R0 = 3R
√
1− 8
9
R
RS
< R. (3.49)
Moreover, as it can be observed from (3.43) and (3.48), the pressure diverges exactly at the same
point where gtt = 0. Nevertheless, if we consider the Schwarzschild star in the regime 2 < R/M <
9/4, an interesting behaviour can be observed; the pole in the pressure (3.49) moves out from the
center of the star to a finite surface R0 in the interval 0 < R0 < R. Furthermore, from (3.43) and
(3.48) we notice that the pressure becomes negative in the regime 0 ≤ r < R0, but eν > 0. As the
radius of the star approaches the Schwarzschild radius from above R→ R+S meanwhile, R0 → R−S
from below2. In the ultracompact limit when R = R0 = RS , the Schwarzschild interior solution
(3.43) and (3.48) shows that the whole new interior region becomes one with constant negative
pressure
p = −ρ, r < R = R0 = RS . (3.50)
The interior metric function (3.43) becomes a patch of de Sitter spacetime, and one where the gtt
metric-component is modified by 1/4 indicating that the time runs slower inside the configuration
(see [23] for further details). The final form of the interior metric is given by
eν(r) =
1
4
(1−H2r2), e−λ(r) = (1−H2r2), r < R0 = RS . (3.51)
Outside the configuration r > RS , the spacetime geometry remains the spherically symmetric
exterior Schwarzschild solution. Note from figure 1 that the interior and exterior metric functions
grr are continuous at the surface R = R0 = Rs, but they join in a cusp-like’, non-analytic,
behaviour which implies a violation of the second junction condition [Kij ] = 0. From the general
formalism of the Israel junction conditions [75, 76], a violation of the second junction condition
implies the presence of a δ-distribution of stresses located on the hypersurface R0, which is given
by [23]
2This corresponds to a quasi-stationary adiabatic contraction.
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Figure 1: Metric function e−λ(r), as a function of r/R, for the interior and exterior of the
Schwarzschild star. Note the cusp-like’ behaviour at the matching point, and the approach of the
minimum of e−λ to zero as the compactness approaches the black hole’ limit.
(p⊥ − p) = 1
3
ρR30
r2
(
h
f
)1/2
δ(r −R0). (3.52)
This assumption is crucial to provide a physical interpretation to the Schwrzschild star beyond
the Buchdahl limit. Moreover, these transverse stresses produce a finite surface energy and a finite
surface tension, which is proportional to the difference in surface gravities, and is given by
τsurf =
∆κ
8pi
=
MR0
4piR3
. (3.53)
It is relevant to remark that the metric functions remain positive for r = R0 → RS , therefore
there is no trapped surface in the interior r < RS , and no emergence of an event horizon. This
configuration has zero entropy and zero temperature, which indicates its nature as a condensate.
Thus, in the ultracompact limit when R = R0 = RS , the Schwarzschild star mirrors the main
features of the non-singular gravitational condensate star, or gravastar, proposed in [8, 9]. In the
next section we will extend this model to a more general scenario using the MGD-decoupling.
4 MGD-gravastars
Let us start by identifying the gravastar solution (3.51) with the undeformed metric (2.13). Hence
the explicit form of the metric components {ξ, µ} reads
eξ =
1
4
(1−H2r2) , (4.54)
e−µ = 1−H2r2 . (4.55)
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Next, we shall find the deformed version of the gravastar solution (3.51) by using the MGD
transformation (2.17). Hence the MGD-gravastar, generically represented by the MGD metric
in (2.26), is written as
eν =
1
4
(1−H2r2) , (4.56)
e−λ = 1−H2r2 + α f∗(r) , (4.57)
where the geometric deformation f∗ is found by solving the system (2.22)-(2.24). Since this system
has four unknown functions, namely, the three components of the source θµν and the deformation
f∗, we need to prescribe an additional condition. We may impose an equation of state for the
source θµν or a physically motivated restriction for the deformation f
∗. This last option will be
the one we will choose next.
A main characteristic of a gravastar is the condition gtt = g
−1
rr = 0 at its surface r = RS . In
order to keep this critical condition in the deformed version, the geometric deformation f∗ should
satisfy
f∗(r) ∼ 1−H2r2 . (4.58)
The simplest expression satisfying the requirement (4.58) is given by
f∗(r) =
(
1−H2 r2) Hn rn , (4.59)
where n ≥ 2 to avoid a singular solution [see also (4.62)-(4.65)]. Using the expression (4.59), the
radial metric component (4.57) reads
e−λ =
(
1−H2 r2) (1 + αHn rn) , (4.60)
where
α ≥ −1 (4.61)
to have a positive defined value in the expression (4.60) when r → RS .
The MGD gravastar metric, which is a solution of Einstein’s field equations (2.5)-(2.7), and
whose explicit components are given by (4.56) and (4.60), generates an effective density
k2 ρ˜(r) = 3H2 + αHn rn−2
[
(n+ 3)H2 r2 − n− 1] , (4.62)
an effective radial pressure
k2 p˜r(r) = −3H2 − αHn rn−2
(
3H2 r2 − 1) , (4.63)
and an effective tangential pressure
k2 p˜t(r) = −3H2 − αHn rn−2
[
(n+ 3)H2 r2 − n
2
]
. (4.64)
The anisotropy is given by
Π ≡ p˜t − p˜r = αH
n rn−2
2 k2
(
n− 2− 2nH2 r2) . (4.65)
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We remark that the expressions in (4.56) and (4.60)-(4.64), which describe a non-uniform and
anisotropic ultracompact distribution (gravastar), satisfy Einstein’s field equations (2.5)-(2.7).
By using the MGD gravastar solution displayed in (4.56) and (4.60) in the first fundamental
form (2.33) and (2.34), we obtain
0 = 1− 2M
R
, (4.66)
0 = 1− 2M
R
+ β g∗R , (4.67)
which yields the important result
g∗R ∼ 1−
2M
R
= 0 . (4.68)
The condition (4.68) is crucial since it establishes that the geometric deformation g∗(r) must vanish
at the stellar surface of a gravastar, no matter the nature of the exterior source θµν . On the other
hand, by using the effective radial pressure (4.63), the continuity of the second fundamental form
in (2.39) yields
− (3 + 2α) = β g
∗
R
(R− 2M) . (4.69)
The expressions in (4.66)), (4.68) and (4.69) are the necessary and sufficient conditions for the
matching of the interior metric (2.4), explicitly displayed in (4.56) and (4.60), to a deformed exterior
Schwarzschild metric in (2.28). We remark that conditions (4.66) and (4.68) do not necessarily
imply a singular or null right hand side in Eq. (4.69). We notice that for a Schwarzschild exterior,
namely g∗(r) = 0, the expression (4.69) yields α = −3/2, which is incompatible with the regularity
condition (4.61). Therefore, we conclude that the MGD gravastar solution (4.56) and (4.60) is ill-
matched with the Schwarzschild exterior solution.
Next, we will solve the system (2.29)-(2.31) to find an exterior solution {θ+µν , g∗} compatible
with the MGD gravastar in (4.56) and (4.60). First of all, we notice that the system (2.29)-
(2.31) has four unknown functions. Hence, we need to provide additional information. We have
two alternatives: either an equation of state associated with the source θ+µν or some physically
motivated restriction on g∗. Among all possibilities, we choice an exterior source θ+µν associate
with a conformal symmetry, hence
θ+µµ = 0 . (4.70)
We will see that the traceless condition (4.70) yields a conformally deformed exterior compatible
with the interior solution displayed in (4.56) and (4.60). By using (2.29)-(2.31) in the condition
(4.70) we find that the radial deformation must satisfy the following differential equation
r
(
6M2 − 7M r + 2 r2) g∗′ + 2 (r2 − 4M r + 3M2) g∗ = 0 , (4.71)
whose general solution is given by
g∗(r) =
1− 2M/r
2 r − 3M `c , (4.72)
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Figure 2: Behavior of the interior density ρ˜ > 0 and interior radial pressure p˜r < 0 for n = 2, n = 3
and n >> 2. The exterior r > 2M is filled with a spherically symmetric source θµν which goes to
zero quickly (black line). There are two stable configurations, namely, n = 2 and the extreme case
n >> 2 (Mazur-Mottola model).
with `c a constant with units of a length. Thus the conformally deformed Schwarzschild exterior
becomes [70]
e−λ =
(
1− 2M
r
)(
1 +
`
2 r − 3M
)
, (4.73)
where ` = β `c, and its behaviour for r M is given by
e−λ ' 1− 4M− `
2 r
. (4.74)
A solution similar to that in (4.73) was found in the context of the extra-dimensional brane-world
[77] and subsequently analyzed in detail in the context of MGD-black holes [38]. By using (2.29)-
(2.31) we compute the exterior physical variables, namely, the effective density
ρ˜+ = β (θ 00 )
+ = − `M
k2 (2 r − 3M)2 r2 , (4.75)
the effective radial pressure
p˜+r = −β (θ 11 )+ =
`
k2 (2 r − 3M) r2 , (4.76)
and the effective tangential pressure
p˜+t = −β (θ 22 )+ =
` (r −M)
k2 (2 r − 3M)2 r2 . (4.77)
13
0 2 4 6 8 10
r/
0.0
0.2
0.4
0.6
0.8
1.0
e
(r)
Schwarzschild
Figure 3: Interior and exterior radial metric component for the MGD-gravastar, as a function of
r/M. In contrast to the cusp-like’ behaviour in figure 1, note here the smooth continuity of the
metric component at the stellar surface.
The exterior anisotropy is thus given by
Π+ =
` (3 r − 4M)
k2 (2 r − 3M)2 r2 . (4.78)
Finally, we see that the exterior deformation (4.72) satisfies the matching conditions in Eqs. (4.66)
and (4.68), while the second fundamental form (4.69) yields
` = −(3 + 2α)M . (4.79)
Using the matching condition (4.79) in the expression (4.73), we find the deformed radial metric
component will always be positive for the region
r ≥ (3 + α)M , (4.80)
therefore the exterior space-time will be regular for α satisfying
α = −1 . (4.81)
We conclude the conformally deformed Schwarzschild exterior (4.73) is consistent with the interior
ultracompact configuration in (4.56) and (4.60) for {α = −1, ` = −M} and any value of n ≥ 2
(notice that the left-hand side in the matching condition (4.69) is independent of n). This is very
significant since it indicates that the complete family of interior solutions, characterized by the
parameter n, can be matched with the exterior solution. However, as we see in figure 2, only the
case n = 2 and the extreme case n >> 2 (Mazur-Mottola model) are stables, namely, there is no
maximum (or minimum) between 0 ≤ r ≤ 2M.
Another point which calls our attention is the continuity of the effective density ρ˜ through RS .
The continuity of the effective radial pressure p˜r is a direct consequence of the second fundamental
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Figure 4: Case n = 2. Behavior of the density ρ˜ (blue line), radial pressure p˜ (red line) and
tangential pressure p˜t (green line). The discontinuity in the tangential pressure occurs at r =
RS = 2M.
form, but in principle there is no reason for the density to be continuous through RS . We can
explain this by examining the derivative of the metric function e−λ near the stellar surface. Using
the interior metric function (4.60), we have
−λ′ e−λ
∣∣∣∣
R−S
= − 2
RS
(1 + α) , (4.82)
whereas the exterior metric function (4.73) yields
−λ′ e−λ
∣∣∣∣
R+S
=
1
RS
(
1 +
`
M
)
. (4.83)
Using the matching condition (4.79) in Eq. (4.83), we see that both expressions in (4.82) and (4.83)
are equal. Hence the metric function e−λ is smoothly continuous through the stellar surface, as
we can see in Figure 2. Also the condition (4.81) states that the function e−λ is always positive.
Finally, we see that the continuity of (e−λ)′ yields a continuous effective density ρ˜, as we can see
through the field equation (2.5).
Additionally, it is worth to analyse the continuity of the radial pressure accross the surface of
the configuration. Expressions for the interior and exterior radial pressure in (4.63) and (4.76),
respectively, yield
d p˜r
d r
∣∣∣∣
R−S
= − 2α
k2R3S
(n+ 1) , (4.84)
d p˜r
d r
∣∣∣∣
R+S
=
6
k2R2S
. (4.85)
We see that precisely the case n = 2, together with the regularity condition (4.81), yields a radial
pressure which is smoothly continuous through the stellar surface. This remarkable feature suggests
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that the stellar system is extended beyond its defined surface r = RS . However, the discontinuity
in the tangential pressure at r = RS , as we can see in figure 4, clearly establishes the surface of
the self-gravitating distribution. This condition is reminiscent of the boundary layer of anisotropic
stresses which was introduced for the ultracompact Schwarzschild star, discussed in section 3.
We conclude this section by pointing out that the dominant energy condition
ρ˜ ≥ | p˜r | ; ρ˜ ≥ | p˜t | , (4.86)
is satisfied inside the ultracompact configuration.
5 Conclusions
By using the MGD-decoupling approach, we propose an anisotropic and non-uniform version of
the gravastar model by Mazur and Mottola, given by the exact and analytical expressions (4.56),
(4.60) and (4.62)-(4.64). This new system represents an ultracompact configuration of radius
RS = 2M which satisfies some of the requirements to describe a stable stellar model, namely,
it is regular at the origin, its mass and radius are well defined, its density is positive everywhere
and decreases monotonically from the centre outwards, as well as a non-uniform and monotonic
pressure. Additionally this new solution satisfies the dominant energy condition. These features
show that the anisotropic effects produce a more realistic stellar structure, but above all, it indicates
the possibility of building ultracompact configurations of radius RS = 2M, minimising their exotic
characteristics.
A crucial point in the construction of the new solution is to preserve the null-surface condition
gtt = g
−1
rr = 0 at RS = 2M, which is a fundamental property of the ultracompact Schwarzschild
stars, or gravastars. This yields the metric component (4.60) characterized by a parameter n ≥ 2,
where n >> 2 represents the Mazur-Mottola model. On the other hand, the exterior space-time is
represented by a deformed Schwarzschild solution (2.28), whose deformation g∗ is produced by a
generic conserved energy-momentum tensor θ+µν filling the Schwarzschild vacuum T
+
µν = 0. Hence
the exterior is a tensor-vacuum’ {T+µν = 0, θ+µν 6= 0} [36, 37].
In contrast to most of the gravastar models, in our case we avoid the introduction of thin-shells
of matter or any other mechanism beyond the simple and well-established Darmois-Israel matching
conditions at the surface. In particular, the continuity of the metric implies that the deformation g∗
of the Schwarzschild exterior must vanish at the stellar surface for any ultracompact configuration
of radius RS = 2M. This result is independent of the nature of θ+µν , as it is established in the
condition (4.68).
Among all the possibilities, we chose a conformally deformed vacuum defined by (4.70), which
yields the deformed Schwarzschild exterior (4.73). The main characteristic of this solution is that
for r >>M; ρ˜ ∼ r−4, p˜r ∼ p˜t ∼ r−3. Hence the physical variables decay quickly. In particular,
the continuity of the second fundamental form in (4.79) establishes that the conformally deformed
Schwarzschild exterior (4.73) can be matched to the interior solution (4.56) and (4.60) for any
value of n ≥ 2, and that not only the radial pressure p˜r but also the density ρ˜ is always continuous
accross RS . However, only the case n = 2 and the extreme case n >> 2 (Mazur-Mottola model)
are stables, as we see in figure 2.
We also point out that the metric function e−λ is smoothly continuous through the stellar
surface for any value of n, as we can see in figure 2. Therefore the effective density ρ˜ will always
be continuous as a consequence of the field equation (2.5). Finally the case n = 2, which is the
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physically relevant in terms of stability, along with the regularity condition (4.81), yields a radial
pressure smoothly continuous through the stellar surface as figure 4 shows.
Finally, we conclude by rising some natural questions regarding the analysis of ultracompact
configurations under the MGD-decoupling which deserve to be investigated, such as: the analysis of
stability under spherical and non-spherical perturbations; any other physically motivated “tensor-
vacuum” {T+µν = 0, θ+µν 6= 0} generating reasonable consequences; a complete deformation of
the gravastar solution in Eqs. (4.54) and (4.55) by the extended deformation [36] in Eqs. (2.15)
and (2.16), and a possible extension for time-dependent configurations.
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